Abstract-This paper describes how expansions in leaky (or improper) modes may be used to represent the continuous spectrum in an open radiating waveguide. The technique requires a thorough knowledge of the life history of the improper modes as they migrate from improper to proper Riemann surfaces. The method is illustrated by finding the electric field resulting from an impulsively forced current located in the free space above a grounded dielectric slab.
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I. INTRODUCTION
NE of the classic problems in antenna theory seeks the 0 radiation field resulting from a point source above a grounded dielectric slab. It is now known that the formal solution consists of two parts: a discrete spectrum arising from the proper modes or normal modes and a continuous spectrum expressed as an integral along the branch cut associated with the proper Riemann surface. Because this integral is too complicated to be evaluated analytically, approximate methods have been used. During the deformation of the original contour to the steepest descent, the new path leads onto the improper Riemann surface and poles from this Riemann surface are sometimes crossed. When this occurs, contributions from these singularities must be added to the contributions from the steepest descent. These improper modes (if they exist) are generally called "leaky waves" because they literally leak energy away from the open waveguide. Further details are provided in [2] , Section 11.8.
Several years ago, Veselov et al. [14] found the Green's function for TE-waves or TM-waves for a one-dimensional dielectric slab within a semi-infinite half-space with electric or magnetic "wall" boundary conditions. Their analysis was unique because it involved the solution of an initial-value problem using Laplace transforms and a Dirac delta function for the temporal forcing. This analysis yielded two interesting results. First, the entire transient solution consisted of discrete spectral functions that increased without bound in space when moving away from the slab's surface; that is, there was no branch cut integration. They noted the similarities between their solutions and the improper or nonmodal complex oscillations associated with leaky waves. Second, the unbounded spatial growth could never be realized because of the concurrent exponential decay of the solution with time. Their work suggests that if we solve the two-dimensional dielectric waveguide problem using Laplace transforms, then we might be able to construct the Green's function in terms of improper as well as proper modes and eliminate the need for the branch cut integral.
Additional support for this idea was given in a study by Tsuk [13] who found the transient response resulting from a linecurrent being placed on the surface of a dielectric layer which lay on a grounded plane. Using the joint transform method, he inverted the transform by deforming the original contours to their steepest descent paths. This deformation of contours resulted in the major portion of the response being expressed as a sum of modes. Under certain circumstances this sum of modes gave the entire solution.
A similar situation occurs in geophysical waveguides, such as an oceanic layer overlying an infinitely deep half-space, where joint Laplace-Hankel transforms are used in finding the Green's function for the open waveguide. Over the last decade, , in a series of papers, has shown how (by deforming both the frequency and wavenumber contours of the inversion integrals) the continuous spectrum may be completely represented in terms of leaky waves without the need for a branch cut integral. 
FORMULATION
Consider a dielectric slab of depth a and index of refraction n which is placed on a perfectly conducting plane as shown in Fig. 1 . A filament of current is located at z = 0 and z = b.
Assuming that the magnitude of the current element is such that it is a unit source function, the electric fields in regions 1 and 2 satisfy the wave equations
where c is the speed of light in the free space, z is the horizontal distance, z is the vertical distance and t is time. Because the dielectric is located on a conducting half-plane, E z ( x , 0, t ) = 0 at z = 0. At infinity, the radiation condition U.S. Government work not protected by U S . copyright 1. (4)- (6) are (9) where y > 0 guarantees that the Laplace transform will converge. If we introduce s = wi, (9) may be rewritten as
The fields Ej(x, z , t ) vanish identically for t < T ( Z , z ) where
z ) denotes the minimum travel-time for any disturbance originating at the source to reach the point ( 3 :~) . We shall now find the solution for t 2 ~( x , z ) .
The solution in region 1 consists of two parts: the first term is the direct wave from the source while the second is the reflection from the dielectric slab which appears to emanate from a source located at z = 2a -b. The first term of (7) may be inverted exactly using the Cagniard-de Hoop method [ 3 ] ; this technique yields and k = -n w / c in this particular problem, and a branch cut integral for a specific (complex) value of w along the contour shown in Fig. 2 . Second, we sum up the contributions to invert the Laplace transform. Neglecting for the moment any questions concerning how we would actually compute numerically the branch cut integral, another, more pressing problem appears as w varies from -y i to cc -y i . Some of the poles on the improper (non-spectral) Riemann surface migrate until they cross the branch cut at the cutoff frequency and "pop" onto the proper Riemann surface. A consequence of this migration of poles is a discontinuous change in the branch cut integral at the cutoff frequency. To avoid this computational difficulty, we might deform the contour associated with the branch cut integral onto the improper Riemann surface so that we may pick up the various improper modes that eventually become normal modes (see Fig. 3 ). This is permissible only if the poles on 5 ti" Fig. 3 . Deformation of the original branch cut integral so that it captures those improper (non-spectral) modes which will eventually become normal modes.
the improper Riemann surface are analytically continuous to its counterpart on the proper Riemann surface. If we remain with our original contour, then it is readily shown that this is not the case. Consequently, we must find a new w contour which does produce an orderly, continuous evolution of poles from one Riemann surface to another. This is the essence of Haddon's technique: a deformation of both the k and w contours. To sculpt such a contour, we must find those w's which result in various singularities on the k-plane.
First, to avoid any mathematical difficulties associated with a pass through the branch point k = w / c , our new w contour must produce a k m ( w ) which avoids this point. This w is found numerically by solving the equation A(w$?/c, WE)) = 0 where we denote this w by w?) and in which m is a counter. For our problem, we find because v1 = 0. Next, we choose whether the contour passes above or below the singularity. Because A(k, w ) is regular at this point, it makes no difference which choice we make. Next, we avoid points where two poles, say km(w) and km+l(w), coalesce to form a second-order pole. This is purely for computational convenience so that we are always dealing with a simple pole. It may be shown algebraically that no such points exist in the present problem.
Another set of special w's are branch points where any contour around it results in an interchange of k m ( w ) for k k ( w ) , the complex conjugate of km(w). In this case, it is important to choose correctly whether to go over or under such branch points. These branch points will allow us to choose a km(w) which has its origins in the upper half of the k-plane. Numerical experimentation reveals that the new w contour must go above the singularity for this to occur. -4.91301, 0.
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-19.26121, 0. Locating these branch points is easy because they represent points where two solutions ICm and I C ; merge. Consequently, the w's are also given by the solution of the system of equations A ( k , w ) = Ak(k,w) = 0. We denote these branch points as WE). The corresponding k?) lies on the improper Riemann surface.
Finally, another branch point occurs for k = 0. When a path is taken around IC = 0, the root km(w) is replaced by -km(w).
In this case, the corresponding wLD) is given by (14) Because our sum of residues must be a regular analytical function of w (for reasons explained below), any closed path in the w-plane must result in a root in the second quadrant of the k-plane which returns to its initial value at the completion of the closed contour. Constructing several simple closed paths showed that this occurs if we pass over wk*) and under wkD).
When additional multivalued functions are present, more special values of w must be found. The interested reader is referred to several of Haddon's papers [6]-[9] in which there were three Riemann surfaces.
Finally we consider the new branch cut integral. Our deformation of the contour onto the improper Riemann surface guarantees that the branch cut integral varies continuously with w. We will now show that our new w contour results in the branch cut integral vanishing. We do this by first showing that the branch cut integral is a regular analytic function along any contour that passes above WE) and remains in the first quadrant of the w-plane. The proof begins by noting that the inverse Fourier transform, with its integration along the real IC axis, is a regular analytic function. This is true even after we deform the contour onto the improper Riemann surface because analytical continuity was maintained. Finally, the sum of the residues is a regular analytical function of w in the cut right-half of the w-plane; the cuts are associated with w?) and wkD). Thus, the branch cut integration must be a regular analytical function of w. The point wLD) is of no concern here because as long as we pass above WE) no root can cross the path of the branch cut integration and wLD) cannot be a singularity of the branch cut integration.
Let us now return to our deformed contour which passes above WE) and below w?) and close it with vertical and horizontal segments along the lines Re(w) = 0, Re(w) = WI and Im(w) = W,. By Cauchy's theorem,
where R is the closed contour described above and L j ( w ) denotes our branch cut integral. The contribution to the closed integral along the imaginary axis is zero because the integral is purely imaginary. The contribution from the portion of R along Because each term can be integrated separately (and none of them contain poles) the integrals can be evaluated by the method of steepest descent. Finally, each asymptotic result vanishes in the limit W , + x. The reason behind this remarkable result lies with the convergence factor ezdt that was introduced with the modified contour because Im(w) > 0.
It is this convergence factor that allows the transients to be completely expressed in terms of nonmodal functions. In summary, by a suitable modification of the original w contour (in the present case, over wiB) and WE) and under wLD)), each pole initially in the second quadrant of the improper (non-spectral) Riemann surface follows a trajectory which leads around I C: )
and ICE) onto the proper Riemann surface. This new contour has the tremendous advantage that the entire solution is composed both of normal and of nonspectral modes.
NUMERICAL COMPUTATIONS
In this section we detail how to apply the theoretical results of the previous section to numerically evaluate the Green's function for a grounded dielectric slab subjected to a impulse line source. Before we deform the w contour from the fourth quadrant of the w-plane to the first quadrant, we must calculate WE', WE) and wiD). For a specified a, c and n we obtain these points either analytically from (13) and (14) Fig. 6 . Along the top, the temporal evolution of that portion of El corresponding to the reflected wave field (consisting of all 30 modes) in region 1 for the sample point . E = 20 cm and 2 = 5 cm. Below this trace, the temporal evolution of the first ten individual modes at the same point.
using the IMSL routine NEQNF which solves nonlinear, simultaneous equations. Table I shows the various w's for the first thirty poles in the w-plane; the corresponding IC's are given in Table 11 . In these and all other calculations, a = 3.33 cm, b = 5 cm and n = 1.6. We note that different contours could have been chosen for each m and the contour need not be a straight line. For each w contour, we compute km(w) by Newton's method. The definition of changing from one Riemann surface to another is J R e ( y ) ( < 5 x cm-'. In Fig. 4 the km(w) contours are displayed for the m = 3,6, 9, . . . , 3 0 modes for 0 < R e ( w / c ) < 25 cm-l. A dotted line is used when the mode lies on the improper Riemann surface. Note that most of the trajectory on the improper mode is not shown in Fig. 4 because it has an imaginary part greater than 0.13 cm-l.
For reasons that will become clear, we reversed the order of summation and integration so that, for example, where We integrated (1 8) using a Cote's sixth-order formula with Re(Aw/c) = 0.005 cm-' and 0 < R e ( w / c ) < 50 cm-l. The result of the integration was multiplied by iei"cnc't/n before taking the real part. Similar steps were taken with E2(k1 z , U ) . In order to obtain finite results in the following calculations, it is necessary to choose a well-behaved forcing function. To model the impulse forcing, we adopted the following: where tc2 = 0.01 cmP2. This choice of forcing is convenient because it does not introduce further singularities.
In Fig. 5 we show the real and imaginary part of the residues:
for the first modes m = 1 , 3 , . . . ,13 when J: = 20 cm and z = 5 cm. As the figure shows, the residues are small except in the vicinity of w:) and w g ) . Consequently, by performing the algebraic trick given in (18), the integrand can be made a slowly varying function of w where the integrand is most significant and considerable accuracy can be achieved.
Having obtained some knowledge of the behavior of the residues, we now illustrate in Fig. 6 the temporal evolution of that portion of E l ( z , z, t ) that corresponds to the reflected wave in region 1 (the inversion of the second term in (7)) at the sample point z = 20 cm and z = 5 cm. Strictly speaking, the results are valid only for et > ,/xz + ( z f b -2~2 )~ because that is the least amount of time before the first reflected wave would reach the observer. After the first pulse we see smaller pulses as the multiple reflections that occur within the dielectric reach the observer as predicted by asymptotic analysis (see Section I1 in [4]).
Finally, in Fig. 7 we illustrate the temporal evolution of the reflected wave field in region 1 for various values of x when z = 5 cm. The first pulse gives the reflection of the direct wave by the interface at z = a. The additional pulses result from multiple reflections within the dielectric. Although the early pulses decrease in amplitude as z increases, note how the fifth pulse actually increases in amplitude.
IV. CONCLUSION
In this paper we showed that leaky modes may be used to construct the continuous spectrum of an open radiating structure. This was accomplished by deforming the traditional Bromwich contour so that a continuous trajectory of modes from the improper to proper Riemann surfaces occurs. Computationally, this replaces the cumbersome numerical evaluation of a branch cut integral by a summation of a few residue terms.
We illustrated this technique by finding the electric field inside and outside of a grounded dielectric slab which was impulsively forced in the free space. The most difficult aspect of the analysis involves following the life history of each mode. One must be sure that its evolution (with frequency) flows smoothly, avoiding branch points or coalescence with other modes. Given the proper choice of whether you pass above or below certain branch points, the contour may be shaped so that it originates in the proper half of the Ic-plane. Although our technique does require considerable exploratory analysis, much of this analysis would be required in a straightforward integration of the branch cut integral.
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